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Abstract. While intersection cohomology is stable under small resolutions, both ordi- 
nary and intersection cohomology are unstable under smooth deformation of singularities. 
For complex projective algebraic hypersurfaces with an isolated singularity, we show that 
the first author's cohomology of intersection spaces is stable under smooth deformations 
in all degrees except possibly the middle, and in the middle degree precisely when the 
monodromy action on the cohomology of the Milnor fiber is trivial. In many situations, 
the isomorphism is shown to be a ring homomorphism induced by a continuous map. 
This is used to show that the rational cohomology of intersection spaces can be endowed 
with a mixed Hodge structure compatible with Deligne's mixed Hodge structure on the 
ordinary cohomology of the singular hypersurface. 
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1. Introduction 

Given a singular complex algebraic variety V, there are essentially two systematic geo- 
metric processes for removing the singularities: one may resolve them, or one may pass to 
a smooth deformation of V. Ordinary homology is highly unstable under both processes. 
This is evident from duality considerations: the homology of a smooth variety satisfies 
Poincare duality, whereas the presence of singularities generally prevents Poincare duality. 
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Goresky and MacPherson's middle-perversity intersection cohomology IH*(V; Q), as well 
as Cheeger's L 2 -cohomology H? 2 JV) do satisfy Poincare duality for singular V; thus it 
makes sense to ask whether these theories are stable under the above two processes. The 
answer is that both are preserved under so-called small resolutions. Not every variety 
possesses a small resolution, though it does possess some resolution. Both IH* and H? 2 * 
are unstable under smooth deformations. For projective hypersurfaces with isolated sin- 
gularities, the present paper answers positively the question: Is there a cohomology theory 
for singular varieties, which is stable under smooth deformations? Note that the smallness 
condition on resolutions needed for the stability of intersection cohomology suggests that 
the class of singularities for which such a deformation stable cohomology theory exists 
must also be restricted by some condition. 

Let p be a perversity in the sense of intersection homology theory. In [BalO], the first 
author introduced a homotopy-theoretic method that assigns to certain types of real n- 
dimensional stratified topological pseudomanifolds X CW-complexes 

FX, 

the perversity-p intersection spaces of X, such that for complementary perversities p and 
q, there is a Poincare duality isomorphism 

H\l p X] Q) = H n -i(I 9 X; Q) 

when X is compact and oriented. This method is in particular applicable to complex 
algebraic varieties V with isolated singularities, whose links are simply connected. The 
latter is a sufficient, but not a necessary condition. If V is an algebraic variety, then FV 
will in general not be algebraic anymore. If p = m is the lower middle perversity, we will 
briefly write IX for I m X. The groups 

Hi;(X;Q) = H*(FX;Q) 

define a new cohomology theory for stratified spaces, usually not isomorphic to inter- 
section cohomology IHp(X;Q). This is already apparent from the observation that 
HIp(X;Q) is an algebra under cup product, whereas it is well-known that IHp(X;Q) 
cannot generally, for every p, be endowed with a p-internal algebra structure. Let us put 
HI*(X;Q)=H*(IX;Q). 

It was pointed out in |BalOj that in the context of conifold transitions, the ranks of 
HI*(V;Q) for a singular conifold V agree with the ranks of H*(V S ;Q), where V s is a 
nearby smooth deformation of V; see the table on page 199 and Proposition 3.6 in loc. 
cit. The main result, Theorem 14. 11 of the present paper is the following Stability Theorem. 

Theorem. Let V be a complex projective hypersurface of complex dimension ti^2 with 
one isolated singularity and let V s be a nearby smooth deformation of V. Then, for all 
i < 2n and i ^ n, we have 

H\V S ;Q) = HP(V;Q). 
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Moreover, 

H n (V s ;Q)^HI n (V;Q) 
if, and only if, the monodromy operator acting on the cohomology of the Milnor fiber of 
the singularity is trivial. 

The case of a surface n = 2 is excluded because a general construction of the intersection 
space in this case is presently not available. However, the theory HI*(V; 1R) has a de Rham 
description [Ball] by a certain complex of global differential forms on the top stratum of 
V, which does not require that links be simply connected. Using this description of HI*, 
the theorem can be extended to the surface case. The description by differential forms is 
beyond the scope of this paper and will not be further discussed here. 

Let us illustrate the Stability Theorem with a simple example. Consider the equation 

y 2 = x(x — l)(x — s) 

(or its homogeneous version v 2 w = u{u — w){u — sw), defining a curve in CP 2 ), where 
the complex parameter s is constrained to lie inside the unit disc, \s\ < 1. For s ^ 0, the 
equation defines an elliptic curve V s , homeomorphic to a 2-torus T 2 . For s = 0, a local 
isomorphism 

V = {y 2 = x 2 {x-l)} ^ {rf = ?} 
near the origin is given by £ = xg(x), rj — y, with g(x) = \/x — 1 analytic and nonzero 
near 0. The equation rf = £ 2 describes a nodal singularity at the origin in C 2 , whose 
link is dl x S 1 , two circles. Thus V is homeomorphic to a pinched T 2 with a meridian 
collapsed to a point, or, equivalently, a cylinder I x S 1 with coned-off boundary. The 
ordinary homology group Hi(V;1<) has rank one, generated by the longitudinal circle. 
The intersection homology group IHi(V; Z) agrees with the intersection homology of the 
normalization S 2 of V: 

IH X {V] Z) = IH^S 2 ; Z) = H^S 2 ; Z) = 0. 

Thus, as Hi(V s ;1i) = i/i(T 2 ;Z) = Z © Z, neither ordinary homology nor intersection 
homology remains invariant under the smoothing deformation V ~> V s . The middle per- 
versity intersection space IV of V is a cylinder I x S 1 together with an interval, whose 
one endpoint is attached to a point in {0} x S 1 and whose other endpoint is attached to 
a point in {1} x S 1 . Thus IV is homotopy equivalent to the figure eight and 

fli(IV;Z) = Z©Z, 

which does agree with Hi(V s ;Z). Several other examples are worked out throughout the 
paper, including a reducible curve, a Kummer surface and quintic threefolds with nodal 
singularities. 

We can be more precise about the isomorphisms of the Stability Theorem. Given V, 
there is a canonical map IV — > V, and given a nearby smooth deformation V s of V, one 
has the specialization map V s — > V. In Proposition 15. 1\ we construct a map IV — > V s 
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such that IV — > V a — > V is a factorization of IV — » V. The map IV — » V, induces the 
isomorphisms of the Stability Theorem. It follows in particular that one has an algebra 
isomorphism HI*(V; Q) = H*(V S ; Q) (in degrees less than 2n, and for trivial monodromy). 
We use this geometrically induced isomorphism to show that under the hypotheses of the 
proposition, HI*(V; Q) can be equipped with a mixed Hodge structure, so that IV — > V 
induces a homomorphism of mixed Hodge structures on cohomology (Corollary 15 .3p . 

The relationship between IH* and HI* is very well illuminated by mirror symmetry, 
which tends to exchange resolutions and deformations. It is for instance conjectured in 
|Mor99j that the mirror of a conifold transition, which consists of a deformation s — > 
(degeneration smooth to singular) followed by a small resolution, is again a conifold 
transition, but performed in the reverse direction. This observation strongly suggests that 
since there is a theory IH* stable under small resolutions, there ought to be a mirror 
theory HI* stable under certain "small" deformations. This is confirmed by the present 
paper and by the results of Section 3.8 in |BalO] , where it is shown that if V° is the mirror 
of a conifold V, both sitting in mirror symmetric conifold transitions, then 

rkIH 3 (V) = ikHI 2 {V°) +rkHh(V°) + 2, 

rkIH 3 (V°) = TkHI 2 lv)+ikHI 4 (V)+2, 

rkHI 3 (V) = ikIH 2 (V°) + rkIH 4 (V°) + 2, and 

ikHI 3 (V°) = ikIH 2 (V) +ikIHi(V) + 2. 

In the same spirit, the well-known fact that the intersection homology of a complex variety 
V is a vector subspace of the ordinary homology of any resolution of V is "mirrored" by 
our result proved in Theorem 15.21 below, stating that the intersection space homology 
Hl^iV) is a subspace of the homology H*(V 3 ) of any smoothing V s of V . 

Since mirror symmetry is a phenomenon that arose originally in string theory, it is not 
surprising that the theories IH*, HI* have a specific relevance for type IIA, IIB string 
theories, respectively. While IH* yields the correct count of massless 2-branes on a coni- 
fold in type IIA theory, the theory HI* yields the correct count of massless 3-branes on a 
conifold in type IIB theory. These are Propositions 3.6, 3.8 and Theorem 3.9 in |BalO] . 

The Euler characteristics x °f IH* and HI* are compared in Corollary 4.6; the result 
is seen to be consistent with the formula 

X(H.(V)) - x{IH.(V)) = i 1 ~ x(^(co°neL x .))) , 

xeSing(V) 

where coneL^ is the open cone on the link L x of the singularity x, obtained in }CMS08j . 
The behavior of classical intersection homology under deformation of singularities is dis- 
cussed from a sheaf-theoretic viewpoint in Section [61 Proposition 16.11 observes that the 
perverse self-dual sheaf 4> n (Qx)[n}, where ipn is the nearby cycle functor of a smooth de- 
forming family tt : X — > S with singular fiber V = 7r _1 (0), is isomorphic in the derived 
category of V to the intersection chain sheaf ICy if, and only if, V is nonsingular. The 
hyper cohomology of ^(QxOM computes the cohomology of the general fiber V s and the 
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hypercohomology of ICy computes IH*(V). 

Finally, the phenomena described in this paper seem to have a wider scope than hyper- 
surfaces. The conifolds and Calabi-Yau threefolds investigated in [ BalOj were not assumed 
to be hypersurfaces, nevertheless HP was seen to be stable under the deformations arising 
in conifold transitions. 

Notation. Rational homology will be denoted by H*(X), IH*(X), HI*(X), whereas 
integral homology will be written as H*(X; Z), IH*(X; Z), HP(X; Z). The linear dual of 
a rational vector space W will be written as W* = Hom(W, Q). For a topological space 
X, H*(X) and H*(X) denote reduced (rational) homology and cohomology, respectively. 

2. Background on Intersection Spaces 

In [BalOj . the first author introduced a method that associates to certain classes of 
stratified pseudomanifolds X CW-complexes 

FX, 

the intersection spaces of X, where p is a perversity in the sense of Goresky and MacPher- 
son's intersection homology, such that the ordinary (reduced, rational) homology H*(PX) 
satisfies generalized Poincare duality when X is closed and oriented. The resulting ho- 
mology theory X ~> HI%(X) = H*(PX) is neither isomorphic to intersection homology, 
which we will write as IH^(X), nor (for real coefficients) linearly dual to L 2 -cohomology for 
Cheeger's conical metrics. The Goresky- MacP her son intersection chain complexes JCf (X) 
are generally not algebras, unless p is the zero-perversity, in which case IC^(X) is essen- 
tially the ordinary cochain complex of X. (The Goresky-MacPherson intersection product 
raises perversities in general.) Similarly, the differential complex Q%JX) of L 2 -forms on 
the top stratum is not an algebra under wedge product of forms. Using the intersection 
space framework, the ordinary cochain complex C*(PX) of PX is a DGA, simply by 
employing the ordinary cup product. The theory HP also addresses questions in type 
II string theory related to the existence of massless D-branes arising in the course of a 
Calabi-Yau conifold transition. These questions are answered by IH* for IIA theory, and 
by HP for IIB theory; see Chapter 3 of [BalOj . Furthermore, given a spectrum E in the 
sense of stable homotopy theory, one may form EIp(X) = E*(PX). This, then, yields 
an approach to defining intersection versions of generalized cohomology theories such as 
K-theory. 

Definition 2.1. The category CW^a of k- boundary- split CW-complexes consists of the 
following objects and morphisms: Objects are pairs (K, Y), where K is a simply connected 
CW-complex and Y C Ck(K; Z) is a subgroup of the k-th cellular chain group of K that 
arises as the image Y = s(imd) of some splitting s : im<9 — > Ck(K;Z,) of the boundary 
map d : Ck{K; Z) — > im<9(c Ck-i(K; Z)). (Given K, such a splitting always exists, since 
im<9 is free abelian.) A morphism (K,Yk) — > (L,Yl) is a cellular map / : K — > L such 
that U{Y K ) c Y L . 
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Let HoCWn denote the category whose objects are CW-complexes and whose mor- 
phisms are rel (k — l)-skeleton homotopy classes of cellular maps. Let 

t <0 o ■■ CW kDd — > HoCWn 

be the natural projection functor, that is, t <oa (K,Y K ) = K for an object (K, Y K ) in 
CW(, 39 , and t <0O (f) = [f] fo r a m orphism / : (K,Y K ) -)> (L,Y L ) in CW kDd . The 
following theorem is proved in |BalO] . 

Theorem 2.2. Let k > 3 be an integer. There is a covariant assignment t <k ■ CWj, D a — > 
HoCWfc_! of objects and morphisms together with a natural transformation emb k : t <k — > 
t <00 such that for an object (K, Y) of CW^g, one has H r (t <k (K, Y); Z) = for r > k, 
and 

emb k (K, F)# : H r (t <k (K, Y); Z) ^ H r (K; Z) 
is an isomorphism for r < k. 

This means in particular that given a morphism /, one has squares 

t <k (K,Y K ) J±± K> t<00 (K,Y K ) 



*<*(/) 



*<»(/) 



embfe(L,y£,) 

t<k{L,Y L ) >■ t <00 (L,Y L ) 

that commute in HoCWu. If k < 2 (and the CW-complexes are simply connected), 
then it is of course a trivial matter to construct such truncations. 



Let p be a perversity. Let X be an n-dimensional compact oriented pseudomanifold with 
isolated singularities x±, . . . , x w , w > 1. We assume the complement of the singularities to 
be a smooth manifold. Furthermore, to be able to apply the general spatial truncation 
Theorem 12.2} we require the links Lj = Link(xj) to be simply connected. This assumption 
is not always necessary, as in many non-simply connected situations, ad hoc truncation 
constructions can be used. The Lj are closed smooth manifolds and a small neighborhood 
of Xi is homeomorphic to the open cone on Li. Every link Li, i = 1, . . . , w, can be given 
the structure of a CW-complex. If k = n — 1 — p(n) > 3, we can and do fix completions 
(Li, Yi) of Li so that every (Li, Yi) is an object in CW/od. If k < 2, no groups Yi have to be 
chosen. Applying the truncation t <k : CW^g — > HoCWj !, we obtain a CW-complex 
t <k (Li,Yi) G 06HoCWfc_i. The natural transformation embfc : t <k — » t <00 of Theorem 
12.21 gives homotopy classes emb&(Xj,Yi) represented by maps 

/i : t<k(Li, Y^ > Li 

such that for r < fc, 

/i* • H r (t< k (Li,Yi)) = H r (Li), 

while H r (t <k (Li,Yi)) = for r > k. Let M be the compact manifold with boundary 
obtained by removing from X open cone neighborhoods of the singularities x\,... ,x w . 
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The boundary is the disjoint union of the links, 

w 

dM = [_\L l . 

Let 

w 

L<k = | | 'S'i) 

i=l 

and define a map 

g ■ L <k — y M 

by composing 

L <k -A <9M — ► M, 
where / = U* /»■ The intersection space is the homotopy cofiber of g: 
Definition 2.3. The perversity p intersection space PX of X is defined to be 

FX — cone(g) — M U g coue{L <k ). 

Thus, to form the intersection space, we attach the cone on a suitable spatial homology 
truncation of the link to the exterior of the singularity along the boundary of the exterior. 
The two extreme cases of this construction arise when k — 1 and when k is larger than 
the dimension of the link. In the former case, assuming w = 1, i<i(L) is a point and thus 
PX is homotopy equivalent to the nonsingular top stratum of X. In the latter case no 
actual truncation has to be performed, t <k (L) = L, embfc(L) is the identity map and thus 
PX = X (again assuming w — 1). If the singularities are not isolated, one attempts to do 
fiberwise spatial homology truncation applied to the link bundle. Such fiberwise truncation 
may be obstructed, however. If p = m is the lower middle perversity, then we shall briefly 
write IX for I m X. We shall put HIf(X) = H*(PX) and Hh(X) = H*(IX); similarly for 
cohomology. When X has only one singular point, there are canonical homotopy classes 
of maps 

M — y IV — yV 

described in Section 2.6.2 of |BalO] . The first class can be represented by the inclusion 
M IV. A particular representative 7 : IV — > V of the second class is described in the 
proof of Proposition [5H1 If V has several isolated singular points, the target of the second 
map has to be slightly modified by identifying all the singular points. If V is connected, 
then this only changes the first homology. The intersection homology does not change 
at all. Two perversities p and q are called complementary if p(s) + q(s) = s — 2 for all 
s — 2, 3, The following result is established in loc. cit. 

Theorem 2.4. (Generalized Poincare Duality.) Let p and q be complementary perversi- 
ties. There is a nondegenerate intersection form 

Hlf{X) ® HIl^X) — > Q 

which is compatible with the intersection form on the exterior of the singularities. 
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The following formulae for HI%(X) are available (recall k = n — 1 — p(ri)): 



Hlf{X) 



Hi{M), 



i > k 



Hi(M,dM), i<k. 
In the cutoff-degree k, we have a T-diagram with exact row and exact column: 





ker{H k {M) ->■ H k {M, L)) 



H k {M) 



HI k {X) 



IH k (X)^Q 



im{H k {M,L)^H k ^{L)) 



The cohomological version of this diagram is 



— ker(H k (M, L) -»• H k (M)) 



H k (M, L) 



HI k {X) 



IH k (X)^0 



\m{H k {M) H k {L)) 



When X is a complex variety of complex dimension n and p = rh, then k = n. If, 
moreover, n is even, it was shown in [BalO] [Sect.2.5] that the Witt elements (over the 
rationals) corresponding to the intersection form on IX and, respectively, the Goresky- 
MacPherson intersection pairing on the middle intersection homology group, coincide. In 
particular, the signature a {IX) of the intersection space equals the Goresky-MacPherson 
intersection homology signature of X. For results comparing the Euler characteristics of 
the two theories, see [BalO] [Cor.2.14] and Proposition 14.61 below. 
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3. Background on Hypersurface Singularities 

Let / be a homogeneous polynomial in n + 2 variables with complex coefficients such 
that the complex projective hypersurface 

V = V(f) = {xe P n+1 | f(x) = 0} 

has one isolated singularity x . Locally, identifying x with the origin of C™ +1 , the singu- 
larity is described by a reduced analytic function germ 

<?:(C" + \0)^(C,0). 
Let B e C C n+1 be a closed ball of radius e > centered at the origin and let S e be its 
boundary, a sphere of dimension 2n + 1. Choose e small enough so that 

(1) the intersection V H B e is homeomorphic to the cone over the link Lq — V D S e — {g — 
0} fl S e of the singularity xo, and 

(2) the Milnor map of g at radius e, 

A 

\g 

is a (locally trivial) fibration. 

The link L is an (n — 2)-connected (2n — l)-dimensional submanifold of S e . The fibers of 
the Milnor map are open smooth manifolds of real dimension In. Let Fq be the closure in 
S e of the fiber of g/\g\ over 1 G S 1 . Then Fq, the closed Milnor fiber of the singularity is 
a compact manifold with boundary dF = L , the link of Xq. Via the fibers of the Milnor 
map as pages, S e receives an open book decomposition with binding L . 

Let 7r : X — > S be a smooth deformation of V, where 5 is a small disc of radius, say, 
r > centered at the origin of C. The map ix is assumed to be proper. The singular 
variety V is the special fiber V = 7r _1 (0) and the general fibers V s = 7r _1 (s), s G S, s ^ 0, 
are smooth projective n-dimensional hypersurfaces. The space X is a complex manifold of 
dimension n + 1. Given V as above, we shall show below that such a smooth deformation 
n can always be constructed. Let B e (x ) be a small closed ball in X about the singular 
point x such that 

(1) B t (x ) H V can be identified with the cone on L , 

(2) F = B € (xq) H Vg can be identified with F . 

(Note that this ball B e (xo) is different from the ball B t used above: the former is a ball 
in X, while the latter is a ball in P n+1 .) Let B = mt B e (x ) and let M be the compact 
manifold M = with boundary dM = L . For < 5 < r, set S$ = {z G 5 | \z\ < 5}, 

Sg = {z G S | < \z\ < 5} and N s = ^(Ss) - B. Choose 5 < e so small that 

(1) 7r| : Ns — > Ss is a proper smooth submersion and 

(2) tt~ 1 (S§) cz N :— Ng U B. 



: S e — Lq — > S 1 , 
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For s e Sg, we shall construct the specialization map 

r s :V s ^ V. 

By the Ehresmann fibration theorem, ir\ : Ng — > Sg is a locally trivial fiber bundle projec- 
tion. Since Sg is contractible, this is a trivial bundle, that is, there exists a diffeomorphism 
4> : iVj — >■ Sg x M (recall that M is the fiber of n\ over 0) such that 



S s x M 




commutes. The second factor projection 7r 2 : Ss x M -> M is a deformation retraction. 
Hence p<5 = 7r 2 : — >■ M is a homotopy equivalence. Let M be the compact manifold 
M = V s — -B with boundary L := <9M, s E Sg. We observe next that the composition 

M ^ N s M 

is a diffeomorphism. Indeed, 

M = 7i\-\s) = cTV 1 ^) = x M)) 

is mapped by diffeomorphically onto {s} x M , which is then mapped by 7r 2 diffeomor- 
phically onto M . This fixes a diffeomorphism 

V>:(M,L) A(M ,L ). 

Thus L is merely a displaced copy of the link L of Xq and M is a displaced copy of the 
exterior M of the singularity Xq. The restricted homeomorphism ip\ : L — >■ L can be 
levelwise extended to a homeomorphism cone^l) : coneL — >■ coneL ; the cone point is 
mapped to x . We obtain a commutative diagram 

M L ^ cone(L) 



1> 



cone (V> |) 



M ^ L ^ cone(L ), 

where the horizontal arrows are all inclusions as boundaries. Let us denote by W := 
M Ul cone L the pushout of the top row. Since V is topologically the pushout of the 
bottom row, induces a homeomorphism 

W ^ V. 

We think of W as a displaced copy of V, and shall work primarily with this topological 
model of V. We proceed with the construction of the specialization map. Using a collar, 
we may write M as M = M U[— 1, 0] x L with M a compact codimension sub manifold 
of M , which is diffeomorphic to M . The boundary of M corresponds to { — 1} x L . Our 
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model for the cone on a space A is cone(A) = [0, 1] x ^4/{l} X A. The specialization map 
r s : V s — > V is a composition 

V s m- N -A V, 

where p is a homotopy equivalence to be constructed next. On p^ 1 (M ) C N, p is 
given by p,j. The ball -B is mapped to the singularity Xq. The remaining piece C = 
p^Q-l, 0] x L ) C N$ C N is mapped to [-1, 0] x L U cone(L ) = [-1, 1] x L /{1} x L 
by stretching p$ from [—1,0] to [—1, 1]. In more detail: if pg\ : C — >■ [—1,0] x L is given 
by pi (a;) = (f(x),g(x)) for smooth maps / : C — > [—1, 0], and g : C — >■ L , then p is given 
on C by 

= (h(f(x)),g(x)), 

where h : [—1,0] — > [—1,1] is a smooth function such that h(t) = t for t close to — 1 
and f(t) = 1 for t close to 0. This yields a continuous map p : iV — > V and finishes the 
construction of the specialization map. 

We shall now show how a smooth deformation as above can be constructed, given 
a homogeneous polynomial / : C n+2 — > C, of degree d, defining a complex projective 
hyper surf ace 

V = V{f) = {xe P n+1 | f{x) = 0} 

with only isolated singularities Pi, • • • ,p r - (We allow here more than just one isolated 
singularity, as this more general setup will be needed later on.) For each i G {1, • • • , r}, 
let 

^:(C n+1 ,0)^(C,0). 

be a local equation for V(f) near pi. Let I be a linear form on C n+2 such that the 
corresponding hyperplane in P n+1 does not pass through any of the points Pi, • • • ,p r - By 
Sard's theorem, there exists r > so that for any s G C with < \s\ < r, the hypersurface 

V s ■= V{f + s- l d ) C P n+1 

is non-singular. Define 

X := |J {{s} x V s ) C S x P n+1 

with 7r : X — )• S the corresponding projection map. Then X is a complex manifold of di- 
mension n+1, and for each % G {1, • • • , r} the germ of the proper holomorphic map it at pi is 
equivalent to (p. Note that 7r is smooth over the punctured disc S'*:={sGC|0<|s|<r}, 
as s = is the only critical value of n. Moreover, the fiber 7r _1 (0) is the hypersurface 
V, and for any s 6 S*, the corresponding fiber vr _1 (s) = V s is a smooth n-dimensional 
complex projective hypersurface of degree d. Therefore, each of these V s (s G S*) can be 
regarded as a smooth deformation of the given hypersurface V = V(f). 

Let us collect some facts and tools concerning the Milnor fiber F = F of an isolated 
hypersurface singularity germ (e.g., see [Di92[ |Mi68j). It is homotopy equivalent to a 
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bouquet of n-spheres. The number /i of spheres in this bouquet is called the Milnor 
number and can be computed as 

// = dim c — — , 

with n+ i = C{xo, . . . , x n } the C-algebra of all convergent power series in xo, ■ ■ ■ , x n , and 
J g = (dg/dxo, . . . , dg/dx n ) the Jacobian ideal of the singularity. The inclusion L = dF ^t- 
F is an (n — 1) -equivalence; in particular 

Hi(L) — ► Hi(F) 

is an isomorphism for i < n — 1. The specialization map r s : V s — > V induces on homology 
the specialization homomorphism 

H*(V S ) — >• H*{V). 

This fits into an exact sequence 

(1) -+ H n+1 (V s ) -+ H n+1 (V) -+ H n (F) -+ H n (V s ) H n (V) -+ 0, 

which describes the effect of the deformation on homology in degrees n, n + 1. Of course, 

H n {F) = H n {\j S n )^Q». 
In degrees i ^ n, n + 1, the specialization homomorphism is an isomorphism 

Hi{V s ) = Hi(V). 

Associated with the Milnor fibration int Fq S e — Lo — >■ 5* 1 is a monodromy homeomor- 
phism ho : int F — > int F . Using the identity L — >■ L , foo extends to a homeomorphism 
h : F = int F U L — >■ F because L is the binding of the open book decomposition. This 
homeomorphism induces the monodromy operator 

T = K: H*(F ) A #*(F ). 

The difference between the monodromy operator and the identity fits into the Wang 
sequence of the fibration, 

(2) H n+1 (S e - L ) H n (F ) ^4 H n (F ) H n (S e - L ) 0, if n > 2, 
and for n = 1: 

(3) ->■ # 2 (S e - L ) ->• ^i(Fo) ^4 ffi(Fo) ->• #i(S e - L ) ->• #0(^0) = Q ^ 0. 
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4. Deformation Invariance of the Homology of Intersection Spaces 

The main result of this paper asserts that under certain monodromy assumptions 
(see below), the intersection space homology HI* for the middle perversity is a smooth- 
ing/deformation invariant. Recall that we take homology always with rational coefficients. 
As mentioned in the Introduction, we formally exclude the surface suffi- 
ciently general construction of the intersection space in this case is presently not available, 
although the theory HI*(V; R) has a de Rham description by global differential forms on 
the regular part of V, [Ball] , which does not require links to be simply-connected. Using 
this description of HI*, the theorem can be seen to hold for n = 2 as well. 

Theorem 4.1. (Stability Theorem.) LetV be a complex projective hypersurface of dimen- 
sion n 7^ 2 with one isolated singularity, and let V s be a nearby smooth deformation ofV. 
Then, for all i < 2n and i ^ n, we have 

Hi(y.)<*Hii(y). 

Moreover, 

H n (V s ) S HI n (V) 
if, and only if, the monodromy operator T of the singularity is trivial. 

Proof. Since V = W via a homeomorphism which near the singularity is given by levelwise 
extension of a diffeomorphism of the links, we may prove the statement for HI*(W) 
rather than HI*(V). (See also the proof of Proposition 15.11 for the construction of a 
homeomorphism IV = IW.) Suppose % < n. Then the exact sequence 

= Hi(F) — ► Hi(V s ) — > Hi(V„F) — > ifi-i(F) = 

shows that 

Hi(V s ) = Hi(V s ,F). 

Using the homeomorphism 

(4) MUlF V - 



we obtain an isomorphism 



Since for i < n, 



L F F 



Hi{V s ) Hi{W). 



HI t {W) S Hi(M,dM) Hi(W), 



the statement follows. The case 2n > i > n follows from the case % < n by Poincare 
duality: If 2n > i > n > 0, then < 2n — i < n and thus 

Hh(W) * HI 2n ^(Wy HI 2n -i(V s )* * Hi(V s ). 
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In degree i = n, the T-shaped diagrams of Section [2] together with duality and excision 
yield: 

HI n (W) * H n (M) © im(H n (M, L) — >■ H n ^L) 
= H n (M,L)®im(H n L-+ H n M) 
= H n (W) © im(H n L — >■ H n M). 
The exact sequence ([1]) shows that 

# n (K) = H n (W) © im(# n F H n V s ), 
whence H n (V s ) = HI n (V) if, and only if, 

(5) rk(H n L -> H n M) = rk(H n F -> if n y,). 

At this point, we need to distinguish between the cases n > 2 and n — 1. 

Let us first assume that n > 2. Since F is compact, oriented, and nonsingular, we may 
use Poincare duality to deduce H n+ i(F, L) = from H n _i(F) = 0. The exact sequence of 
the pair (F, L), 

= H n+ i(F 7 L) A H n (L) ^ H n (F), 

implies that j* : H n L — >■ iJ„F is injective. The inclusion j : (M,L) C (K, F) induces an 
isomorphism 

j*:H n+1 {M,L)^H n+1 {V s ,F), 
by excision, cf. (jl]). We obtain a commutative diagram 

H n+1 (V s ,F)^H n (F) 

3* = 3* 

H n+1 (M,L)^H n (L) 

from which we see that 

d*H n+1 (M,L)^j*d*H n+1 {M,L) = d*j*H n+1 {M,L) = d*H n+1 {V s , F). 

Since 

rk(H n L-+H n M) = rkH n L-xk(d*:H n+1 (M,L)^H n L) : 
vk(H n F ->• i^K) = rk#„F - rk(<% : H n+1 (V s , F) -> F n F), 
equality (jSJ) holds if, and only if, 

(6) rk# n (L) = rk# n (F), 

that is, rk H n (L) = //, the Milnor number. Using the Alexander duality isomorphisms 

H n+1 (S e — L) = H"-\L), H n (S e — L) = H n (L) 
in the Wang sequence we get the exact sequence 

tf"" 1 ^) H n (F) ^4 H n (F) 0, 
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which shows that 

rk H n (L) = rk H n F - rk(T - 1). 
Hence © holds iff T — 1 = 0. 

If n = 1, the Milnor fiber F is connected, but the link L may have multiple circle 
components. Since M = Mo has the homotopy type of a one- dimensional CW complex 
(as it is homotopic to an affme plane curve), the homology long exact sequence of the pair 
(M, L) yields that <9* : H 2 (M,L) ->■ Hx(L) is injective. Thus, 

rk{H x L -> HiM) = rkFiL - rk(<% : H 2 (M,L) ->■ i^L) = rkFiL - ik H 2 (M,L). 

On the other hand, since F has the homotopy type of a bouquet of circles, the homology 
long exact sequence of the pair (V s , F) yields that 

rk(z* : H 2 (V S ) -> H 2 (V S , F)) = rkH 2 (V s ) = 1. 

Therefore, 

rk(iJ 1 F -> = rkifiF - rk(<9* : # 2 (V S , F) -> 

= rkF 1 F-rk/7 2 (K,F) + l. 
Since, by excision, H 2 (V S , F) = H 2 (M, L), the equality (jSJ) holds if, and only if, 
(7) TkH 1 (L)=TkH 1 (F) + l. 

Finally, the Wang exact sequence ([3]) and Alexander Duality show that 

rkifi(L) = l + rkFiF-rk(T- 1). 
Hence © holds iff T - 1 = 0. □ 

Remark 4.2. The only plane curve singularity germ with trivial monodromy operator is a 
node (i.e., an Ai-singularity), e.g., see [Oka]. In higher dimensions, it is easy to see from 
the Thom-Sebastiani construction that Ai-singularities in an even number of complex 
variables have trivial monodromy as well. 

Remark 4.3. The algebraic isomorphisms of Theorem 14. II are obtained abstractly, by com- 
puting ranks of the corresponding rational vector spaces. It would be desirable however, 
to have these algebraic isomorphisms realized by canonical arrows. This fact would then 
have the following interesting consequences. First, the dual arrows in cohomology (with 
rational coefficients) would become ring isomorphisms, thus providing non-trivial exam- 
ples of computations of the internal cup product on the cohomology of an intersection 
space. Secondly, such canonical arrows would make it possible to import Hodge-theoretic 
information from the cohomology of the generic fiber V s onto the cohomology of the in- 
tersection space IV associated to the singular fiber. This program is realized in part in 
the next section. 

Remark 4.4. The above theorem can also be formulated in the case of complex pro- 
jective hypersurfaces with any number of isolated singularities by simply replacing L 
by U^gsingfy)-^ and similarly for the local link complements (where L x is the link of 
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x G Sing(V)), F by U x &ing(v)Fx (for F x the local Milnor fiber at a singular point x) and T 
by ®x&m.g{v)T x (for T x : H n (F x ) H n (F x ) the corresponding local monodromy operator). 
The statement of Theorem 14.11 needs to be modified as follows: 

(a) if n > 2, the changes appear for i e {l,2n — 1}. Indeed, in the notations of 
Theorem Owe have that: Hi(M, dM) = H^W) © QM^-M, so we obtain: 

(8) ffJi(V) = #i(K) © Q bo{L) -\ 

and similarly for Hlm-x (V) , by Poincare duality. 

(b) if n — 1, we have an isomorphism HIx(V) = Hi(V s ) if, and only if, rk(T — 1) = 
2(r — 1), where r denotes the number of singular points. 

Indeed, in the cutoff-degree n, the T-shaped diagram of Section [2] yields (as in the proof 
of Theorem 14. ip : 

HI n (V) = H n (M, L) © im(H n L H n M), 

where M is obtained from V by removing conical neighborhoods of the singular points. 
Since, by excision, H n (M,L) = H n (V, Sing(V)), the long exact sequence for the reduced 
homology of the pair (V, Sing(V)) shows that: 



H n (M, L) 



H n (V), if n > 2, 

H 1 (V)®Q r -\ if n = 1. 

So the proof of Theorem 14.11 in the case of the cutoff-degree n applies without change if 
n > 2. On the other hand, if n = 1, we get an isomorphism HIi(V) = Hi(V s ) if, and only 
if, 

(r - 1) + rk(#iL -> ^M) = rk(iJiF -> ^K). 
The assertion follows now as in the proof of Theorem I4.1[ by using the identity 

rk H X L - rk^iF = r - rk(T - 1), 
which follows from the Wang sequence ([3]). □ 
The discussion of Remark 14.41 also yields the following general result: 

Theorem 4.5. Let V be a complex projective n- dimensional hypersurface with only isolated 
singularities, and let V s be a nearby smoothing of V. Let L, fi and T denote the total 
link, total Milnor number and, respectively, the total monodromy operator, i.e., L : = 
L\ xeS ing(v)L x , (i := X^eSing(V) fa, and T := ® x< z S m g (V)T x , for (L x ,fi x ,T x ) the corresponding 
invariants of an isolated hypersurface singularity germ (V,x). The Betti numbers of the 
middle-perversity intersection space IV associated to V are computed as follows: 

(a) ifn > 2: 

bi(IV) = k(V s ), t£{l,n,2n-l,2n} 
b x {IV) = h{V s ) + 6o(L) - 1 = b 2n ^{IV), 
b n (IV) = b n {V s ) + b n {L) -n = b n {V s ) - rk(T - I), 
b 2n {IV) = 0. 
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(b) ifn = 1: 

b (IV) = b (V s ) = 1, 
6i(/y) = + 6i(L) - fi + r - 2 = bi(V s ) - rk(T - 1) + 2(r - 1), 

6 2 (/y) = 0, 

where r denotes the number of singular points of the curve V . 

As a consequence of Theorem 14. 5[ we can now reprove Corollary 2.14 of |BalO] in the 
special case of a projective hypersurface, using results of [CMS08j . 

Corollary 4.6. Let V C P™ +1 be a complex projective hypersurface with only isolated 
singularities. The difference between the Euler characteristics of the Z-graded rational 
vector spaces HI*(V) and IH*(V) is computed by the formula: 

(9) X(HI*(V)) - X (IH.{V)) = -2 X<n {L), 

where the total link L is the disjoint union of the links of all isolated singularities ofV, and 
X< n (L) is the truncated Euler characteristic of L defined as x<n(L) := ^2 i<n {~ ^-) l bi{L). 

Proof. For each x G Sing(V), denote by F x , L x and \x x the corresponding Milnor fiber, 
link and Milnor number, respectively. Note that each link L x is connected if n > 2, and 
Poincare duality yields: b n -i(L x ) = b n (L x ). 

Let 14 be a nearby smoothing of V. Then it is well-known that we have (e.g., see 
[MH][Ex.6.2.6]): 

(10) X (H*(Vs)) ~ X(H*(V)) = Yl 

xeSing(y) 

On the other hand, we get by [CMS08j [Cor.3.5] that: 

(11) X (H.(V))-x(IH.{V))= (l-x(IH*(c°L x ))), 

xSSing(y) 

where c°L x denotes the open cone on the link L x . By using the cone formula for intersection 
homology with closed supports (e.g., see [Bad 7] [Ex.4.1.15]) we note that: 

< T H < ° T w I 1 + i-V n+1 UL x ), if n > 2, 

( 12 ) X{IH*(c L x )) = I 

[bi{L x ), if n = l. 

Together with (ITT1) . this yields: 



(13) X mV)) - X m(V)) = (^-Si ng (V)( 1)"^-), if - n > 2 

[Lxesmg(y) I 1 - h{L x )) , if n = 1. 

Therefore, by combining ( flOl) and ( fl3i) . we obtain: 

(14) X {H*{Vs)) - xm{V)) = /^aW" 1 )" ^ + b f f ' if ^ 2, 
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Lastly, Theorem 14.51 implies that 

(15) X {H*{V a ))- X {HI.{V)) = 2 + 2 ]T (b (L x )-l)+ £ (-1)" (fi x - b n (L x )) , 

xeSing(V) xeSing(V) 

if n > 2, and 

(16) x(H*(V s ))- X (Hh(V))=r+ £ (bi(L x ) — fi x ) , 

xeSing(V) 

if n = 1, where r denotes the number of singular points of the curve V. The desired 
formula follows now by combining the equations ffT4"j) and (fT5l) . resp. ([TBI) , together with 
Poincare duality for links. □ 

Let us illustrate our calculations on some simple examples (see also Section [7] for more 
elaborate examples involving conifold transitions between Calabi-Yau threefolds). 

Example 4.7. Degeneration of conies. 
Let V be the projective curve defined by 

V := {(x : y : z) <E F 2 \ yz = 0}, 

that is, a union of two projective lines intersecting at P = (1 : : 0). Topologically, V is an 
equatorially pinched 2-sphere, i.e., S 2 V S 2 . The (join) point P is a nodal singularity, whose 
link is a union of two circles, the Milnor fiber is a cylinder S 1 x /, and the corresponding 
monodromy operator is trivial. The associated intersection space IV is given by attaching 
one endpoint of an interval to a northern hemisphere disc and the other endpoint to a 
southern hemisphere disc. Thus IV is contractible and HI*(V) = 0. It is easy to see 
(using the genus-degree formula, for example) that a smoothing 

V 8 := {{x : y : z) G P 2 | yz + sx 2 = 0} 

of V is topologically a sphere S 2 . Thus b\{IV) = bi(V s ) = 0. On the other hand, the 
normalization of V is a disjoint union of two 2-spheres, so IH*{V) = H^IS 2 ) © H*(S 2 ). 
The formula of Corollary 14.61 is easily seen to be satisfied. 

Example 4.8. Kummer surfaces. 

Let V be a Kummer quartic surface |H05] . i.e., an irreducible algebraic surface of degree 4 
in P 3 with 16 ordinary double points (this is the maximal possible number of singularities 
on such a surface). The monodromy operator is not trivial for this example. It is a classical 
fact that a Kummer surface is the quotient of a 2-dimensional complex torus (in fact, the 
Jacobian variety of a smooth hyperelliptic curve of genus 2) by the involution defined by 
inversion in the group law. In particular, V is a rational homology manifold. Therefore, 

IH,(V)*1H*{V). 

And it is not hard to see (e.g., cf. |Sp56| ) that we have: 

H*(V)= (Q,0,Q 6 ,0,Q). 

Each singular point of V has a link homeomorphic to MP 3 , and Milnor number equal to 1 
(i.e., the corresponding Milnor fiber is homotopy equivalent to S 2 ). A nearby smoothing 
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V s of V is a non- singular quart ic surface in P 3 , hence a K3 surface. The Hodge numbers 
of any smooth K3 surface are: &i )0 = 0, 5 2 ,o = 1, &i,i = 20, thus the Betti numbers of V s 
are computed as: 

b (V s ) = h(V s ) = 1, h(V s ) = h(V s ) = 0, b 2 (V s ) = 22. 

Let IV be the middle-perversity intersection space associated to the Kummer surface V. 
(As pointed out above, there is at present no general construction of the intersection space 
if the link is not simply connected. However, to construct IV for the Kummer surface, 
we can use the spatial homology truncation t <2 (MP 3 , Y) = MP 2 , with Y = C 2 (MF 3 ) = Z.) 
Then Theorem 14.51 yields that: 

b (IV) = 1, h(IV) = b 3 (IV) = 15, b 2 (IV) = 6, b 4 (IV) = 0. 

And the formula of Corollary 14. 61 reads in this -24 - 8 = -2 • 16. We observe that 

in this example, for the middle degree, all of H 2 , IH 2 and HI 2 agree, but are all different 
from# 2 (K). 

5. Maps from Intersection Spaces to Smooth Deformations 

The aim of this section is to show that the algebraic isomorphisms of Theorem 14.11 are 
in most cases induced by continuous maps. 

Proposition 5.1. Suppose that V is an n- dimensional projective hypersurface which has 
precisely one isolated singularity with link L. If n = 1 or n > 3 and Z) is 

torsionfree, then there is a map rj : IV — > V s such that the diagram 

M IV — V 

V 

commutes. 

Proof. Assume n > 3 and if n _i(L;Z) torsionfree. Even without this assumption, the 
cohomology group 

H n ~ l (L; Z) = Hom(# n _iL, Z) © Ext(H n „ 2 L, Z) = Rom(H n ^L, Z) 

is torsionfree. Hence H n (L;Z) = if n-1 (L;Z) is torsionfree. Let {zi,...,z s } be a basis 
of if n (L;Z). The link L is (n — 2)-connected; in particular simply connected, as n > 3. 
Thus minimal cell structure theory applies and yields a cellular homotopy equivalence 
h : L — > L, where L is a CW-complex of the form 

r s 

L = [Je^Ue 2 "- 1 . 

i=i j=i 

The (n- l)-spheres S™" 1 , % = l,...,r, generate # n _i(Z;Z) = H n ^{L;Z) = II. The 
n-cells e™, j = 1, . . . , s are cycles, one for each basis element Zj. On homology, h* maps 
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the class of the cycle e™ to Zj. Then 



L <n '■— \/ S™ 1 , 



i=i 

together with the map 

/ : L <n L, 
is a homological n-truncation of the link L. We claim that the composition 

/ 



L 



<n 



L^F 



is nullhomotopic. Let b : F — > \/ M S n , b' : \/ M S n — > F be homotopy inverse homotopy 
equivalences. The composition 

is nullhomotopic by the cellular approximation theorem. Thus 

/ 



is nullhomotopic. Since b'b ~ id^, L <n — > L — > F is nullhomotopic, establishing the claim. 
Consequently, there exists an extension / : cone(L <n ) — > F of L <n — > L — > F to the cone. 
We obtain a commutative diagram 



;i7) 



cone(L<„) 3 L <n 



/ 



M 



M. 



The pushout of the top row is the intersection space IW, the pushout of the bottom row 
is V s by construction. Thus, by the universal property of the pushout, the diagram (TfJ 
induces a unique map 

IW — V, 



such that 



cone(L <n 




commutes. 



In the curve case n — 1, the homology 1-truncation is given by L <n = {pi, . . . ,pi} C L, 
where / = rki?o(-^) and Pi lies in the i-th connected component of L. The map / : 
L <n — y L is the inclusion of these points. Let p £ F be a base point. Since F is path 
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connected, we can choose paths I — > F connecting each to p. These paths define a map 
/ : cone(L <n ) — > F such that 



cone(L <ri ) 
7 



T C 

/ 

)L^ 



L c 



M 



M. 



commutes. This diagram induces a unique map IW — > V s as in the case n > 3. 

To the end of this proof, we will be using freely the notations introduced in Section 
[31 As in the construction of the specialization map r s , we use a collar to write Mo as 
Mo = M U[— 1, 0] xL with M a compact codimension submanifold of M , diffeomorphic 
to M . The boundary of M corresponds to {— 1} x L . The diffeomorphism ip : M — > M 
induces a decomposition M = M U [—1, 0] x L. Recall that our model for the cone on a 
space A is cone(A) = [0,1] x A/{1} x A. To construct TV, we may take (L ) <n 
and we define f : (X )< n — > L to be 



J <n 



(Lo) 



<n 



L 



Ln. 



The map 

7 : IV = M U [-1, 0] x L U cone(L )< n -> M U [-1, 0] x L U cone(L ) 



V 



maps M to M by the identity, cone(L )< n to the cone point in V, and maps [—1, 0] xL by 
stretching [—1, 0] = [—1, 1] using the function h from the construction of the specialization 
map. Note that then 7|[_i,o]xi equals the composition 

[-1, 0]x L '^l [-1, 0]xiA[-l,0]xL o U cone(L ). 
Let us introduce the short-hand notation 

C = p^Q-l, 0] x L ), CU = ^({-l} x L ), Co = Ps\{0} x L ) = B e (x ) n N s , 

N s = pf(M ), D = [-1, 0] x L U cone(L ). 

We claim that { — 1} x L C C_x- The claim is equivalent to ps({— 1} x L) C { — 1} x L , 
which follows from ps({— 1} x L) = -^({ — 1} x L) and the fact that the collar on M has 
been constructed by composing the collar on Mq with the inverse of ip. Similarly, 



{0} x L C C , [-1,0] x L C C. 



The commutative diagram 



M — 
M — 



){-!} x W 



^{-1}xLC 



•1,0] x L 
-1,0] x L- 



/o 



o {0} x (L ;<„ 
^{0} x L <n ^ 



c 



cone(L 



0)<n 



cone L 



<n 
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induces uniquely a homeomorphism IV — ^> IW, as IV is the colimit of the top row 
and IW is the colimit of the bottom row. The map rj : IV — > V s is defined to be the 
composition 

IV -=*IW — > v a . 

We analyze the composition 

IV ^ IW — >■ V a ^ N -A V 
of 77 with the specialization map by considering the commutative diagram 



M ^M : 



M c 



— Pi I — 
■ N s M 



{-1} x L -^-U- {-1} x L — {-1} x LC C_! {-1} x L 



[-1,0] xL 



[-1,0] x L 

/' 



[-1,0] x L 



{0} x (L )<„ — {0} x L <n — {0} x L c 



cone(L )<„ ^=^= coneL 



/ 




const 



<n 



SUCq 



The colimits of the columns are, from left to right, IV, IW, V s , N and V . Since M ^ 
7V 5 ^> M is VI : M ->■ M , etc., we see that the composition from the leftmost column 
to the rightmost column is given by 

i/>|o^>| _1 =id 

M *■ M 



{-l}xL ^{-l}xI 




const 



cone(L )<„, 



which is 7. 



□ 
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The torsion freeness assumption in the above proposition can be eliminated as long as 
the link is still simply connected. Indeed, since in the present paper we are only interested 
in rational homology, it would suffice to construct a rational model IVq of the intersection 
space IV. This can be done using Bousfield-Kan localization and the odd-primary spatial 
homology truncation developed in Section 1.7 of |BalOj . For example, if the link of a 
surface singularity is a rational homology 3-sphere E, then the rational spatial homology 
2-truncation t< 2 ^ * s a point. The reason why we exclude the surface case in the above 
proposition is that surface links are generally not simply connected, which general spatial 
homology truncation requires. This does not preclude the possibility of constructing a 
map IV — > V s for a given surface V by using ad-hoc devices. For example, if one has an 
ADE-singularity, then the link is S 3 /G for a finite group G and 7Ti(S 3 /G) = G. Thus the 
link is a rational homology 3-sphere and the rational 2-truncation is a point. 



We can now prove the following result: 



Theorem 5.2. Let V C CP™ +1 be a complex projective hypersurface with precisely one 
isolated singularity and with link L. If n = 1 or n > 3 and if„,_i(L;Z) is torsionfree, 



then the algebraic isomorphisms of Theorem 4-1 can be taken to be induced by the map 



1] : IV — > V s constructed in Proposition I5.il In particular, the dual isomorphisms in 
cohomology are ring isomorphisms. 



Proof. The map rj : IV — > V s is a composition 



IV 



IW 



V. 



As the first map is a homeomorphism, it suffices to show that 7/ is a rational homology 
isomorphism. 

We begin by considering the following diagram of long exact Mayer- Vietoris sequences 
for the commutative diagram (TlTl) of pushouts (e.g., sec |GH81J[19.5]): 
(18) 



Hi(L 



<n) 



Hi{cone{L <n )) © H t (M) H { {IW) H^ x {L <n ) 



U 



(f*,id) 



' Hi(L) 



■ Hi{F) © Hi(M) Hi{V 8 ) Hi-tiL) 



Recall that, by construction, /* : Hi(L <n ) — > Hi(L) is an isomorphism if i < n, and 
Hi(L <n ) = if i > n. Also, as stated in Section |3l L is (n — 2)-connected, and F is 
(n — l)-connected. 

Let us first assume that n > 3. Then if i < n, a five- lemma argument on the diagram 
(fLS]) yields that r)' # : Hi(IW) — > Hi(V s ) is an isomorphism. If i > n, recall from the proof 
of Theorem 14. II that j* : H n (L) — > H n (F) is injective. In particular, the map H n+ i(V s ) — > 
H n (L) is the zero homomorphism. Then diagram (fl8l) yields that r]l : Hi(IW) — > Hi(V s ) 
is an isomorphism for n < i < 2n. For % = n, there is a commutative diagram: 
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(19) 



-0©# n (M) 

(/* M) 

H n (L) H n (F) © H n (M) 



H n (IW) >H n ^(L <n 

< f* = 

-H n (V a ) *Hn-l(L) 



H n -i(M) -F n _ x (iW) 



id 



H n -i(M) 







0. 



0. 



By excision, Poincare duality and the connectivity of F, 

H n+1 (V S ,M) S H n+1 (F,L) = H n -\F) 

Thus the exact sequence of the pair (V s , M), 

= H n+1 (V s , M) — ► H n (M) — ► i? n (K), 

shows that the map : H n (M) — >■ if n (V^) is injective. Let x G be an element 

such that 77* (a?) = 0. Then, as /* is an isomorphism in degree n — 1, x — i*(m) for some 
m G H n (M), where t„ denotes the map : H n (M) — >■ if n (IW). Thus t s #(m) = and, by 



the injectivity of t s 



??? 



0. It follows that 77* is a monomorphism (whether or not the 



monodromy is trivial). Therefore, 77* is an isomorphism iff rk H n (IW) = ikH n (V s ). By 
the Stability Theorem 14.11 this is equivalent to T being trivial. 



If n = 1, recall that H 2 (M) = 0, H 2 {F) = 0, # 2 (iV) = and H 2 {V S 
relevant part of diagram (ITS]) is: 



So the 



(20) 















0©#i(M) 



»- Hi(F) © Hi(M) 



HtilW) 

'ft 



#o(£<i) 

/. 



0. 



The group H 2 (F,L) = Q is generated by the fundamental class [.F, L]. The connecting 
homomorphism H 2 (F,L) — )■ H\(L) maps [i* 1 , L] to the fundamental class [L] of L. As 
L = (9M, the image of [L] under H\(L) — > H\(M) vanishes. This, together with the 
commutative square 

H 2 (V S ,M) » Hi(M) 



H 2 {F,L) >■ Hx{L) 

shows that H 2 (V S ,M) — >■ Hi(M) is the zero map. Consequently, H\(M) — > Hi(V s ) is a 
monomorphism, as in the case n > 3. It follows as above that 77* is injective. The claim 
then follows from Theorem 14.11 □ 



SINGULARITIES AND INTERSECTION SPACE HOMOLOGY 



25 



The above proof shows that 77* : HI n (V) — > H n (V s ) is always injective. The assumption 
on the monodromy is needed for surjectivity. Hence we obtain the two-sided bound 

m&x{rkIH n (V),rkH n (M),rkH n (M,dM)} < xkHI n {V) < xkH n {V s ) 

in the middle degree. These inequalities are sharp: By the Stability Theorem 14.11 the 
upper bound is attained for trivial monodromy T, and the lower bound is attained for 
the Kummer surface of Example 14.81 The bounds show that regardless of the monodromy 
assumption of the Stability Theorem, HI*{V) is generally a better approximation of H*(V S ) 
than intersection homology or ordinary homology. 

Corollary 5.3. Under the hypotheses of Theorem \5.2l let us assume moreover that the 
local monodromy operator associated to the singularity of V is trivial. Then the rational 
cohomology groups HP(V) of the intersection space can be endowed with rational mixed 
Hodge structures, so that the canonical map 7 : IV — > V induces homomorphisms of mixed 
Hodge structures in cohomology. 

Proof. By Proposition 15.11 there is a map rj : IV — > V s so that 7 : IV — > V is the 
composition IV 4 V 8 A- V. Then 7* : H*(V) -> H*(IV) can be factored as 7* = rf o r*. 
Moreover, by classical Hodge theory, r* : H*(V) — » H*(V S ) is a mixed Hodge structure 
homomorphism, where H*(V S ) carries the "limit mixed Hodge structure" (cf. |Sc73|,[Ste76| . 
but see also [ESS] [Sect. 11.2]). Finally, Theorem O yields that rj* : H*{V S ) -> H*(IV) 
is an isomorphism of rational vector spaces. Therefore, H*(IV) inherits a rational mixed 
Hodge structure via 77*, i.e., the limit mixed Hodge structure, and the claim follows. □ 

Before discussing examples, let us say a few words about the limit mixed Hodge structure 
on H*(V S ). Consider the restriction ir\ : X* — > S* of the projection 7r to the punctured 
disc S*. The loop winding once counterclockwise around the origin gives a generator of 
tti(S*,s), s G S*. Its action on the fiber V s := 7r| _1 (s) is well-defined up to homotopy, 
and it defines on H^ := H k (V s ) (k G Z) the monodromy automorphism M. The operator 
M : H^ — > H^ is quasi- unipotent, with nilpotence index k, i.e., there is m > so that 
(M m — I) k+1 = 0. Let iV := logM^ be the logarithm of the unipotent part in the Jordan 
decomposition of M, so iV is a nilpotent operator (with iV fc+1 = 0). The (monodromy) 
weight filtration W°° of the limit mixed Hodge structure is the unique increasing filtration 
on H^ such that N(W?°) C W™ 2 and N* : Grf^H^ -»■ Grf^H^ is an isomorphism 
for all j > 0. The Hodge filtration of the limit mixed Hodge structure is constructed 
in [Sc73j as a limit (in a certain sense) of the Hodge nitrations on nearby smooth fibers, 
and in [Ste76j by using the relative logarithmic de Rham complex. It follows that for V s a 
smooth fiber of n, we have the equality: dimF p H h (V s ) = dimF^H^. We finally note that 
the semisimple part M s of the monodromy is an automorphism of mixed Hodge structures 
on H^. Also, N : H^ — > is a morphism of mixed Hodge structures of weight —2. 

We now discuss the case of curve degenerations satisfying the assumptions of Corollary 
15.31 i.e., the singular fiber of the family has a nodal singularity. Let it : X — » S be 
a degeneration of curves of genus g, i.e., C s := vr _1 (s) is a smooth complex projective 
curve for s ^ 0, with first betti number &i(C s ) = 2g, and assume that the special fiber 
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C has only one singularity which is a node. For the limit mixed Hodge structure on 
:= _fT 1 (C s ) (or, equivalently, the mixed Hodge structure on if/ 1 (C )), we have the 
monodromy weight filtration: 

On W£° there is a pure Hodge structure of weight and type (0, 0). Since N is a morphism 
of weight —2 and N : W 2 °° /W£° W£° is an isomorphism, it follows that W 2 °° /W£° is 
a pure Hodge structure of weight 2 and type (1, 1). Note that the monodromy M is 
trivial (or, equivalently, N = 0) on iJ 1 (C s ) if and only if Wq° = 0, and in this case the 
monodromy weight filtration is the trivial one, i.e., = W%° D 0. 

Example 5.4. Consider a family of smooth genus 2 curves C s degenerating into a union of 
two smooth elliptic curves meeting transversally at one double point P. Write C = E X VJE 2 
for the singular fiber of the family. A Mayer- Vietoris argument shows that H 1 (Cq) = 
H 1 (E 1 ) © H 1 (E 2 ), so if 1 (Co) carries a pure Hodge structure of weight 1. For the limit 
mixed Hodge structure on H 1 (C S ), the Clemens- Schmid exact sequence yields that 

W%° = WiH 1 [Cq) = H x (Co) and W£° ^ W Q H\C Q ) = 0. 

Thus the monodromy representation M is trivial, i.e., N = 0. 

Example 5.5. Consider the following family of plane curves 

y 2 = x(x — ai)(x — a 2 )(x — a 3 )(x — a 4 )(x — s) 

(or its projectivization in CP 2 ), where the a^s are distinct non-zero complex numbers. For 
s ^ small enough, the equation defines a Riemann surface (or complex projective curve) 
C s of genus 2. The singular fiber Cq is an elliptic curve with a node. Its normalization Co is 
a smooth elliptic curve. If {5i, 5 2 } and, resp., {71, 72} denote the two meridians and, resp., 
longitudes generating Hi(C s ; Z), the degeneration can be seen geometrically as contracting 
the meridian (vanishing cycle) Si to a point. Let us denote by {5\Y}i=i,2 the basis of 
P 1 (C S ;Z) dual to the above homology basis. If p : C — > C denotes the normalization 
map, it is easy to see that p* : H 1 (Cq) — > i/ 1 (Co) is onto, with kernel generated by {7 1 }. 
The cohomology group H 1 {C Q ) carries a canonical mixed Hodge structure with weight 
filtration defined by: 

W = Ker(p*) and W 1 = H\C ). 

The limit mixed Hodge structure on if 1 (C s ), i.e., the mixed Hodge structure on iJ7 1 (C ), 
has weights 0, 1 and 2, with the monodromy weight filtration defined by: 

W"o°° = {7 1 }, WT° = © Q{5 2 , 7 2 }, W 2 °° = W™ © Q{5 1 }, 
or in more intrinsic terms: 

= Image(iV), W°° = Ker(A^). 

Note that H^f = i7 1 (Co), so the mixed Hodge structure on HI 1 (Co) determines the mixed 
Hodge structure of i? 1 (C ). 



SINGULARITIES AND INTERSECTION SPACE HOMOLOGY 



27 



6. Deformation of Singularities and Intersection Homology 

In this section we investigate deformation properties of intersection homology groups. 
As in Section [3X let rr : X — > S be a smooth deformation of the singular hypersurface 

V = vr-^O) = V(f) = {xe P n+1 I f{x) = 0} 

with only isolated singularities pi, • • • ,p r - We consider the nearby and vanishing cycle 
complexes associated to n as follows (e.g., see |De73] or |Di04] [Sect.4.2]). Let h be the 
complex upper-half plane (i.e., the universal cover of the punctured disc S* via the map 
z i — y exp(27iiz)). With X* = X — V, the projection 7r restricts to n\ : X* — > S*. The 
canonical fiber of tt is defined by the cartesian diagram 

Vco -X* 

n — -5*. 



Let k : Voo — > X* ^ X be the composition of the induced map with the inclusion, and 
denote by i : V = Vq > X the inclusion of the singular fiber. Then the nearby cycle 
complex is the bounded constructible sheaf complex defined by 

(21) Vv(Qx) := i*Rk,k*Qx e D b c (V). 

If r s : V s — Y V denotes the specialization map, then by using a resolution of singularities it 
can be shown that ip n (Qx) — Rr s *Qv s (e.g., see [PS08J [Sect. 11. 2. 3]). The vanishing cycle 
complex ^(Qx) £ D b c {V) is the cone on the comparison morphism Qy = i*Qx —> Vv(Qx) 
induced by adjunction, i.e., there exists a canonical morphism can : ip n (Qx) — > 0tt(Qx) 
such that 

(22) i*Q x faiQx) c A n MQ X ) 4 

is a distinguished triangle in D b c {V). In fact, by replacing Qx by any complex in D b (X), 
we obtain in this way functors 

^^■■D b c (X)^D b c (V). 
It follows directly from the definition that for any x e V = Vo, 

(23) W{F x ) = 'K\^Qx) x and H j (F x ) = W((j> ir Q x ) x , 

where F x denotes the (closed) Milnor fiber of 7r at x. Since X is smooth, the identification 
in (12"31 can be used to show that 



Supp(0 w Q x ) C Sing(V). 

And in fact the two sets are identified, e.g., |Di04j [Cor.6.1.18]. Moreover, since V has only 
isolated singularities, and the germ (V, x) of such a singularity is identified as above with 
the germ of 7r at x, F x is in fact the Milnor fiber of the isolated hypersurface singularity 
germ (V,x). 
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By applying the hypercohomology functor to the distinguished triangle ([22]) . we get by 
(123]) the long exact sequence: 

► H'{V) ^'(y s ) ® r i=1 H 3 (F Pl ) -> /F +1 (V) -+ • - . 

Since (z = 1, ..,r) are isolated singularities, this further yields that 

/F(V) /F(K) for j ^ {n, n + 1}, 

together with the exact specialization sequence dual to (pQ): 

(24) -> # n (V) -> # n (K) -> ® r i= iH n (F n ) -> #™ +1 (V") -> # n+1 (K) -> 0. 
Let us now consider the sheaf complex 

?:=Mx[n] ED b c (V). 

Since X is smooth and (n + l)-dimensional, it is known that 3 is a perverse self-dual 
complex on V, and we get by (1231) that 

where K eg := V' \ {p%, ■ ■ ■ ,p r } denotes the smooth locus of the hypersurface V. Since 
Qy rcg [n] is a perverse sheaf on V reg , we note that "5 is a perverse (self-dual) extension 
of Qy rc [n] to all of V. However, the simplest such perverse (self-dual) extension is the 
(middle-perversity) intersection cohomology complex 

(25) IC v :=T<- 1 (Rj*Q Vag [n]), 

with j : V^g V the inclusion of the regular part, and r< the natural truncation functor 
on D b jy). (Recall that we work under the assumption that the complex projective hyper- 
surface V has (at most) isolated singularities.) Since the hypercohomology of 5F calculates 
the rational cohomology H*(V S ) of a smooth deformation V s of V, and the hypercohomol- 
ogy of ICy calculates the intersection cohomology IH*(V) of V, it is therefore natural to 
try to understand the relationship between the sheaf complexes 7 and ICy. 
We have the following: 

Proposition 6.1. There is a quasi-isomorphism of sheaf complexes J ~ ICy if, and only 
if, the hypersurface V is non-singular. If this is the case, then: 

H*(V S ) = IH*(V) ^ H*(V). 

Proof. The "if part of the statement follows from the distinguished triangle (122]) . since for 
V smooth we have Supp(^Qx) = Sing(V) = (cf. PE] [Cor. 6.1. 18]) and ICy = Qy[n]. 

Let us now assume that there is a quasi-isomorphism 3 ~ ICy. Then for any x G V 
and j G Z, there is an isomorphism of rational vector spaces: 

(26) W rf(IC v ) x . 

Assume, moreover, that there is a point x G V which is an isolated singularity of V 
(i.e., if g : (C" +1 ,0) — > (C, 0) is an analytic function germ representative for (V,x) then 
dg(0) = 0). Then if F x denotes the corresponding Milnor fiber, the Lefschetz number A(h) 
of the monodromy homeomorphism h : F x — )■ F x must vanish (e.g., see [Di04j [Cor. 6. 1.16]). 
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So the Milnor fiber F x must satisfy H*(F X ) ^ (otherwise, A.(h) = 1), or equivalently, 
H n (F x ) ^ 0. On the other hand, the identities flU} and ([26]) yield: 

H n (F x ) S JC°(J) X . 3{°(/Cv)x = 0, 



where the last vanishing follows from the definition (125]) of the complex ICy. We therefore 
get a contradiction. □ 

Remark 6.2. If the hypersurface is singular (i.e., the points Pi are indeed singularities), 
the precise relationship between the two complexes J and ICy is in general very intricate. 
However, some information can be derived if one considers these two complexes as elements 
in Saito's category MHM(V) of mixed Hodge modules on V. More precisely, ICy is a 
direct summand of Gr^J, where W is the weight filtration on 3 in MHM(V) (compare 
[Sl89][p.l52-153], lCMSS][Sect.3.4]). 

Remark 6.3. As Proposition 16.11 suggests, intersection homology is not a smoothing in- 
variant. On the other hand, it is known that intersection homology is invariant under 
small resolutions, i.e., if V — > V is a small resolution of the complex algebraic variety V 
(provided such a resolution exists), then we have isomorphisms 

IH*(V) ^ IH*(V) = H*(V). 

Therefore, as suggested by the conifold transition picture (see |BalO] [Ch.3]). the trivial 
monodromy condition arising in Theorem 14.11 can be thought as being mirror symmetric 
to the condition of existence of a small resolution. More generally, the result of Theorem 
15.21 on the injectivity of the map 77* : Hl^iV) — > H*(V S ) "mirrors" the well-known fact 
that the intersection homology of a complex variety V is a vector subspace of the ordinary 
homology of any resolution of V (the latter being an easy application of the Bernstein- 
Beilinson-Deligne-Gabber decomposition theorem). 

7. Higher- Dimensional Examples: Conifold Transitions 

We shall illustrate our results on examples derived from the study of conifold transitions 
(e.g., see [Ko06l IBalOj . 

Example 7.1. Consider the quintic 

P s (z) = 4 + 4 + 4 + 4 + 4- 5 ( x + s)z z 1 z 2 z 3 z 4 , 

depending on a complex structure parameter s. The variety 

V s = {z G P 4 | P s {z) = 0} 

is Calabi-Yau. It is smooth for small s / and becomes singular for s = 0. (For V s to 
be singular, 1 + s must be fifth root of unity, so V s is smooth for < \s\ < \e 2m + — 1|.) 
We write V = Vq for the singular variety. Any smooth quintic hypersurface in P 4 (is 
Calabi-Yau and) has Hodge numbers 6 ltl = 1 and 6 21 = 101. Thus for s / 0, 

b 2 {V s ) = b 1A (V s ) = 1, b 3 (V s ) = 2(1 + 62,0 = 204. 
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The singularities are those points where the gradient of Po vanishes. If one of the five 
homogeneous coordinates z , . . . , z± vanishes, then the gradient equations imply that all 
the others must vanish, too. This is not a point on P 4 , and so all coordinates of a singularity 
must be nonzero. We may then normalize the first one to be Zq = 1. From the gradient 
equation z^ = Z1Z2Z3Z4 it follows that z\ is determined by the last three coordinates, 
Z\ = {ziz^z^)~ x . The gradient equations also imply that 

1 — Z Q — Z0Z1Z2Z3Z4 = z\ = z\ = z\ = z 4 , 

so that all coordinates of a singularity are fifth roots of unity. Let (u, £, 77) be any triple 
of fifth roots of unity. (There are 125 distinct such triples.) The 125 points 

(1 : U-O,) 1 : u : £ : 77) 

lie on Vq and the gradient vanishes there. These are thus the 125 singularities of Vq. 
Each one of them is a node, whose neighborhood therefore looks topologically like the 
cone on the 5-manifold S 2 x S 3 . By replacing each node with a P 1 , one obtains a small 
resolution V of V. By |Sch8 6] . b 2 (V) = b\ t i (V) = 25 for the small resolution V. The 
intersection homology of a singular space is isomorphic to the ordinary homology of any 
small resolution of that space. Thus IH*{V) = H*(V). Using the information summarized 
so far, one calculates the following ranks (s 7^ 0): 



i 


TkHi(V a ) 


rkH t (V) 


TkIHi(y) 


2 


1 


1 


25 


3 


204 


103 


2 


4 


1 


25 


25 



The table shows that neither ordinary homology nor intersection homology are stable 
under the smoothing of V. The homology of the (middle-perversity) intersection space 
IV of V has been calculated in |BalO] and turns out to be 

ik HI 2 (V) = 1, rk Hh(V) = 204, rk HI A (V) = 1. 

This coincides with the above Betti numbers of the smooth deformation V s , as predicted 
by our Stability Theorem 14.11 and Remark 14.41 Moreover, formula (jSJ) yields: 

ikHhiV) = 124 = xkHh{V). 

By using the fact that the small resolution V of V is a Calabi-Yau 3-fold, we also get that 

rkIH x {V) = = ikIH 5 (V). 

The Euler characteristic identity of Corollary 14.61 is now easily seen to be satisfied. 

Example 7.2. (cf. [GMIR0O6] ) 

Let V C P 4 be the generic quintic threefold containing the plane 7r := {z 3 = z^ = 0}. The 
defining equation for V is: 

z 3 g(z , ■■■ ,z 4 ) + z 4 h(z , ■ ■ ■ , z±) = 0, 
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where g and h are generic homogeneous polynomials of degree 4. The singular locus of V 
consists of: 

Sing(V) = {[z] E P 4 | z 3 = z 4 = g(z) = h(z) = 0} = {16 nodes}. 

The 16 nodes of V can be simultaneously resolved by blowing-up P 4 along the plane tt. 
The proper transform V of V under this blow-up is a small resolution of V (indeed, the 
fiber of the resolution V — > V over each p 6 Sing(K) is a P 1 ), and a smooth Calabi-Yau 
threefold. In particular, IH*(V) = H*(V). A smoothing of V is given as in the above 
example by the generic quintic threefold in P 4 , which we denote by V s (s ^ 0). Note that 
the passage from V s to V (via V) is a non-trivial conifold transition, as 62 (K) = 1 and 
= 2, i.e., the two Calabi-Yau manifolds V s and V cannot be smooth fibers of the 
same analytic family. The information summarized thus far, together with [R0O6, RolOj 
yield the following calculation of ranks (s 7^ 0): 



i 


TkHi(V a ) 


rkH t (V) 


TkIHi(V) 


2 


1 


1 


2 


3 


204 


189 


174 


4 


1 


2 


2 



Again, neither ordinary homology nor intersection homology are stable under the smooth- 
ing of V. Since V has only nodal singularities, the local monodromy operators are trivial. 
Therefore, by our Stability Theorem 14.11 and Remark 14.41 (see also [BalOj [Sect. 3. 7]), we 
can compute: 

rkHI x (V) = 15 = vkHI 5 (V). 
xkHI 2 {V) = 1 = xkHI A {V). 
xkHh{V) = 204. 
ikHhiV) = 0. 

By using the fact that the small resolution V of V is a Calabi-Yau threefold, we also get: 

vkIHx(V) =0 = ikIH 5 (V). 
Finally, the Euler characteristic identity of Corollary 14.61 reads as: —232 + 168 = —2 • 32. 
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